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Abstract: We present a lattice calculation of the Hadronic Vacuum Polarization
(HVP) contribution of the strange and charm quarks to the anomalous magnetic
moment of the muon including leading-order electromagnetic corrections. We em-
ploy the gauge congurations generated by the European Twisted Mass Collaboration
(ETMC) with Nf = 2 + 1 + 1 dynamical quarks at three values of the lattice spacing
(a ' 0:062; 0:082; 0:089 fm) with pion masses in the range M ' 210{450 MeV. The strange
and charm quark masses are tuned at their physical values. Neglecting disconnected di-
agrams and after the extrapolations to the physical pion mass and to the continuum
limit we obtain: as(
2
em) = (53:1 2:5)  10 10, as(3em) = ( 0:018  0:011)  10 10 and
ac(
2
em) = (14:75 0:56)  10 10, ac(3em) = ( 0:030 0:013)  10 10 for the strange and
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1 Introduction
The anomalous magnetic moment of the muon a  (g   2)=2 is known experimentally
with an accuracy of the order of 0.54 ppm [1], while the current precision of the Standard
Model (SM) prediction is at the level of 0.4 ppm [2]. The tension of the experimental value
with the SM prediction, aexp  aSM = (28:88:0) 10 10 [2], corresponds to ' 3:5 standard
deviations and might be an exciting indication of new physics.
The forthcoming g   2 experiments at Fermilab (E989) [3] and J-PARC (E34) [4] aim
at reducing the experimental uncertainty by a factor of four, down to 0.14 ppm. Such a
precision makes the comparison of the experimental value of a with theoretical predictions
one of the most important tests of the Standard Model in the quest for new physics eects.
It is clear that the experimental precision must be matched by a comparable theoretical
accuracy. With a reduced experimental error, the uncertainty of the hadronic corrections
will soon become the main limitation of this test of the SM. For this reason an intense
research program is under way to improve the evaluation of the leading order hadronic
contribution to a due to the Hadronic Vacuum Polarization (HVP) correction to the one-
loop diagram, ahad (
2
em), as well as to the next-to-leading-order hadronic ones. The latter
include the O(3em) contribution of diagrams containing HVP insertions and the leading
hadronic light-by-light (LBL) term [5].
{ 1 {
J
H
E
P
1
0
(
2
0
1
7
)
1
5
7
The theoretical predictions for the hadronic contributions have been traditionally ob-
tained from experimental data using dispersion relations for relating the HVP function to
the experimental cross section data for e+e  annihilation into hadrons [6, 7]. An alter-
native approach was proposed in refs. [8{10], namely to compute ahad (
2
em) in Euclidean
lattice QCD from the correlation function of two electromagnetic currents. In this respect
an impressive progress in the lattice determinations of ahad (
2
em) has been achieved in the
last few years [11{21] and very interesting attempts to compute also the LBL contribu-
tion are under way both on the lattice [22, 23] and via dispersion approaches and Chiral
Perturbation Theory (ChPT) [24{26].
With the increasing precision of the lattice calculations, it becomes necessary to include
electromagnetic (e.m.) and strong isospin breaking (IB) corrections (which contribute at
order O(3em) and O(
2
em(md  mu)), respectively) to the HVP. In this paper we present
the results of a lattice calculation of the leading radiative e.m. corrections to the HVP
contribution due to strange and charm quark intermediate states, obtained using the ex-
pansion method of refs. [27, 28]. Given the large statistical uctuations, we are not in the
position of giving results for the e.m. and IB corrections to the HVP contribution from the
light up and down quarks, although we will give some details of our computation. For the
same reason we do not have yet results for the disconnected contributions.
The main results of the present study for ahad are for the lowest-order contributions
as  as(2em) = (53:1 2:5)  10 10 ; (1.1)
ac  ac(2em) = (14:75 0:56)  10 10 (1.2)
and for the e.m. corrections
as  as(3em) = ( 0:018 0:011)  10 10 ; (1.3)
ac  ac(3em) = ( 0:030 0:013)  10 10 : (1.4)
Our ndings demonstrate that the expansion method of refs. [27, 28], which has been
already applied successfully to the calculation of e.m. and strong IB corrections to meson
masses [28, 29] and leptonic decays of pions and kaons [30, 31], works as well also in the case
of the HVP contribution to a. This is reassuring about the feasibility of the determination
of the leading e.m. and strong IB corrections to the HVP contribution from the up and
down quarks, which is expected to be not negligible [5] and will be addressed in a separate
work. For a recent calculation of these corrections, though at a large pion mass and at a
xed lattice spacing, see ref. [32], where, as expected, the strong IB eect is found to be
at the percent level. In the strange and charm sectors the e.m. corrections (1.3){(1.4) are
found to be negligible with respect to present uncertainties.
The paper is organized as follows. In section 2 we introduce the basic quantities and
notation. In section 3 we describe the lattice calculation and give the simulation details. In
section 4 we present the calculation of the strange and charm contributions to the HPV at
order O(2em) and in section 5 the corresponding e.m. corrections at order O(3em), which
represent the original part of this work. Finally, section 6 contains our conclusions and
outlooks for future developments.
{ 2 {
J
H
E
P
1
0
(
2
0
1
7
)
1
5
7
2 Master formula
The hadronic contribution ahad to the muon anomalous magnetic moment at order 
2
em
can be related to the Euclidean space-time HVP function (Q2) by [8{10]
ahad = 4
2
em
Z 1
0
dQ2f(Q2)

(Q2) (0) ; (2.1)
where Q is the Euclidean four-momentum and the kinematical kernel f(Q2) is given by
f(Q2) =
1
m2
1
!
1p
4 + !2
 p
4 + !2   !p
4 + !2 + !
!2
(2.2)
with m being the muon mass and !  Q=m.
The HVP form factor (Q2) is dened through the HVP tensor as
(Q) 
Z
d4x eiQxhJ(x)J(0)i = (Q2  QQ)(Q2) (2.3)
where h: : :i means the average of the T -product of the two electromagnetic (e.m.) currents
over gluon and fermion elds and
J(x) 
X
f=u;d;s;c;:::
qf  f (x) f (x) (2.4)
with qf being the electric charge of the quark with avor f in units of e.
In eq. (2.1) the subtracted HVP function R(Q
2)  (Q2)   (0) appears. This is
due to the fact that the photon wave function renormalization constant absorbs the value
of the photon self energy at Q2 = 0 in order to guarantee that the e.m. coupling em is the
experimental one in the limit Q2 ! 0.
The HVP function R(Q
2) can be determined from the vector current-current Eu-
clidean correlator V (t) dened as
V (t)  1
3
X
i=1;2;3
Z
d~x hJi(~x; t)Ji(0)i : (2.5)
Taking into account that V ( t) = V (t) and choosing Q along the time direction only, one
has [33]
R(Q
2)  (Q2) (0) = 2
Z 1
0
dt V (t)

cos(Qt)  1
Q2
+
1
2
t2

: (2.6)
Consequently the HVP contribution ahad can be written as
ahad = 4
2
em
Z 1
0
dt ~f(t)V (t) ; (2.7)
where ~f(t) is given by [33]
~f(t)  2
Z 1
0
dQ2 f(Q2)

cos(Qt)  1
Q2
+
1
2
t2

: (2.8)
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In what follows we will limit ourselves to the connected contributions to ahad . In this
case each quark avor f contributes separately, i.e.
ahad 
X
f=u;d;s;c;:::
[ahad (f)](conn) : (2.9)
For sake of simplicity we drop the label f and the sux (conn), but it is understood that
hereafter we refer to the connected part of ahad for a generic quark avor f .
3 Lattice QCD simulations for ahad
The vector correlator V (t) can be calculated on a lattice with volume L3 and temporal
extension T at discretized values of t  t=a from  T=2 to T=2 with T = T=a. From now
on all the \overlined" quantities are in lattice units.
A natural procedure is to split eq. (2.7) into two contributions, ahad (<) and a
had
 (>),
corresponding to 0  t  T data and t > T data, respectively. In the rst contribution ahad (<)
the vector correlator is directly given by the lattice data, while for the second contribution
ahad (>) an analytic representation is required (see refs. [17, 18, 20, 21]). If T data is large
enough that the ground-state contribution is dominant for t > T data, one can write
ahad = a
had
 (<) + a
had
 (>) (3.1)
with
ahad (<) = 4
2
em
TdataX
t=0
f(t)V (t) ; (3.2)
ahad (>) = 4
2
em
1X
t=Tdata+1
f(t)
ZV
2MV
e MV t ; (3.3)
where ZV  (1=3)
P
i=1;2;3 jh0jJi(0)jV ij2 is the (squared) matrix element of the vector
current operator (for the given quark avor f) between the vector ground-state and the
vacuum.
Note that T data cannot be taken equal to T=2, because on the lattice the vector corre-
lator possesses backward signals. In order to avoid them one has to choose an upper limit
T data suciently smaller than T=2. An important consistency check is that the sum of the
two terms in the r.h.s. of eq. (3.1) should be almost independent of the specic choice of
the value of T data, as it will be shown later in section 4.
3.1 Simulation details
The gauge ensembles used in this work are the same adopted in ref. [34] to determine
the up, down, strange and charm quark masses. We employed the Iwasaki action [35] for
gluons and the Wilson Twisted Mass Action [36{38] for sea quarks. In order to avoid the
mixing of strange and charm quarks in the valence sector we adopted a non-unitary set
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ensemble  V=a4 a` a a Ncfg as ac M MK MD
A30:32 1:90 323  64 0:0030 0:15 0:19 150 0:02363 0:27903 275 (10) 568 (22) 2012 (77)
A40:32 0:0040 100 316 (12) 578 (22) 2008 (77)
A50:32 0:0050 150 350 (13) 586 (22) 2014 (77)
A40:24 243  48 0:0040 150 322 (13) 582 (23) 2017 (77)
A60:24 0:0060 150 386 (15) 599 (23) 2018 (77)
A80:24 0:0080 150 442 (17) 618 (24) 2032 (78)
A100:24 0:0100 150 495 (19) 639 (24) 2044 (78)
A40:20 203  48 0:0040 150 330 (13) 586 (23) 2029 (79)
B25:32 1:95 323  64 0:0025 0:135 0:170 150 0:02094 0:24725 259 (9) 546 (19) 1942 (67)
B35:32 0:0035 150 302 (10) 555 (19) 1945 (67)
B55:32 0:0055 150 375 (13) 578 (20) 1957 (68)
B75:32 0:0075 80 436 (15) 599 (21) 1970 (68)
B85:24 243  48 0:0085 150 468 (16) 613 (21) 1972 (68)
D15:48 2:10 483  96 0:0015 0:1200 0:1385 100 0:01612 0:19037 223 (6) 529 (14) 1929 (49)
D20:48 0:0020 100 256 (7) 535 (14) 1933 (50)
D30:48 0:0030 100 312 (8) 550 (14) 1937 (49)
Table 1. Values of the simulated quark bare masses (in lattice units), of the pion, kaon and D-
meson masses (in units of MeV) for the 16 ETMC gauge ensembles with Nf = 2 + 1 + 1 dynamical
quarks used in this work (see ref. [34]). The values of the strange and charm quark bare masses
as and ac, given for each gauge ensemble, correspond to the physical strange and charm quark
masses determined in ref. [34]. The central values and errors of the pion, kaon and D-meson masses
are evaluated using the bootstrap events of the eight branches of the analysis of ref. [34].
up [39] in which the valence strange and charm quarks are regularized as Osterwalder-
Seiler fermions [40], while the valence up and down quarks have the same action of the sea.
Working at maximal twist such a setup guarantees an automatic O(a)-improvement [38, 39].
We considered three values of the inverse bare lattice coupling  and dierent lattice
volumes, as shown in table 1, where the number of congurations analyzed (Ncfg) corre-
sponds to a separation of 20 trajectories. At each lattice spacing, dierent values of the light
sea quark masses have been considered. The light valence and sea quark masses are always
taken to be degenerate. The bare masses of both the strange (as) and the charm (ac) va-
lence quarks are obtained, at each , using the physical strange and charm masses and the
mass renormalization constant (RC) determined in ref. [34]. The values of the lattice spac-
ing are: a = 0:0885(36), 0:0815(30), 0:0619(18) fm at  = 1:90, 1:95 and 2:10, respectively.
In this work we made use of the bootstrap samplings elaborated for the input param-
eters of the quark mass analysis of ref. [34]. There, eight branches of the analysis were
adopted diering in:
 the continuum extrapolation adopting for the scale parameter either the Sommer pa-
rameter r0 or the mass of a ctitious PS meson made up of strange(charm)-like quarks;
 the chiral extrapolation performed with tting functions chosen to be either a
polynomial expansion or a Chiral Perturbation Theory (ChPT) Ansatz in the
light-quark mass;
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Figure 1. The kernel function f(t)=t
2
versus the time distance t = t=a evaluated for the three
values of the lattice spacing corresponding to the ETMC ensembles of table 1 (left panel) and for
various values of the lepton mass ranging from the  to the  mass (right panel).
 the choice between the methods M1 and M2, which dier by O(a2) eects, used to
determine in the RI'-MOM scheme the mass RC Zm = 1=ZP .
The kernel function f(t), appearing in eqs. (3.2){(3.3), is explicitly given by
f(t) =
4
m2
Z 1
0
d!
1p
4 + !2
 p
4 + !2   !p
4 + !2 + !
!2 
cos(!mt)  1
!2
+
1
2
m2t
2

(3.4)
and can be easily calculated numerically at any value of t for given values of the muon
mass in lattice units, m  am. This is shown in gure 1 in the case of the muon at
the three values of the lattice spacing of the ETMC ensembles of table 1 (left panel) and
for various values of the lepton mass (right panel) ranging from the  to the  mass. The
kernel function f(t) is proportional to t
4
at small values of t, diverges as t
2
at large values
of the time distance and has some sensitivity to the value of the lattice spacing. Instead
it changes signicantly with the mass of the lepton enhancing the role of the large-time
behaviour of the vector correlator in the case of light leptons.
3.2 Local versus conserved vector currents on the lattice
The vector correlator V (t) can be calculated using either the lattice conserved vector cur-
rent JC (x) or the local one J(x). The latter needs to be renormalized and in our twisted-
mass setup the local vector current for each quark avor f is given by
J(x) = qf ZV  f (x) f (x) ; (3.5)
where, being at maximal twist, the renormalization is multiplicative through the renormal-
ization constant ZV .
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The variation of the lattice action with respect to a vector rotation V (x) of the quark
elds, i.e.  (x) ! eiqfV (x)  (x) and  (x) !  (x) e iqfV (x) (for any quark avor f),
provides the relevant Ward-Takahashi identity for the conserved current JC expressed in
terms of the backward lattice derivative. In our twisted-mass setup one has
JC (x) = qf
1
2
h
 f (x)(   i35)U(x) f (x+ a^)
+  f (x+ a^)( + i
35)U
y
(x) f (x)
i
: (3.6)
According to the vector Ward-Takahashi identity the polarization tensor hJC (x)JC (y)i is
not transverse because of the contact term arising from the vector rotation of the conserved
current JC (y), which generates the backward lattice derivative of the tadpole operator and
is power divergent as 1=a3. Thus, in the case of two conserved currents the transverse HVP
tensor is dened as
CC (x; y)  hJC (x)JC (y)i  
1
a3
xyhT(y)i ; (3.7)
where the tadpole operator is explicitly given by
T(y) = q
2
f
1
2
h
 f (y)(   i35)U(y) f (y + a^)
   f (y + a^)( + i35)U y (y) f (y)
i
: (3.8)
On the contrary, in the case of one conserved and one local currents there is no contact
term because the vector rotation of the local current (3.5) is zero. One gets
CL (x; y)  hJC (x)J(y)i ; (3.9)
which is transverse only with respect to the  index (i.e., @b
CL
 (x; y) = 0, where @
b
 is the
backward lattice derivative).
In the case of two local currents the polarization tensor hJ(x)J(y)i is not transverse.
The mixing pattern of the product of two local currents with all possible operators with
equal and lower dimensions has been investigated for the twisted-mass setup in ref. [41].
The outcome is that at maximal twist one hasZ
d4xeiQxhJ(x)J(0)i = (Q) + Z1

1
a2
  S6 + S
2
5
2

+ Zmm2
+ ZLQ2 +
 
Q
2  QQ
ZT +O(a2) ; (3.10)
where (Q) is the transverse polarization tensor, S5 and S6 are the vacuum expectation
values of the dimension-5 and -6 terms of the Symanzik expansion of the twisted-mass
action, m is the (twisted) quark mass and the quantities Z1, Zm, ZL and ZT are mixing
coecients.
In the r.h.s. of eq. (3.10) the second and third terms do not depend on Q, while the
fourth and fth terms are Q-dependent. The former ones can be eliminated by considering
the subtracted formZ
d4x
 
eiQx   1 hJ(x)J(0)i = (Q) + ZLQ2
+
 
Q
2  QQ
ZT +O(a2) ; (3.11)
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where we have considered that (0) = 0 in the innite volume limit [33]. Choosing Q
along the time direction only with  =  = i = 1; 2; 3 one hasZ
dt
 
eiQt   1 Z d3xhJi(x)Ji(0)i = ii(Q) + (ZL + ZT )Q2 +O(a2) : (3.12)
Using eqs. (2.3) and (2.5) and taking into account that V (t) = V ( t), one obtains
2
Z 1
0
dt
cos(Qt)  1
Q2
V (t) = (Q2) + ZL + ZT +O(a2) : (3.13)
In the renormalized HVP function [(Q2)   (0)] the term (ZL + ZT ) cancels out, so
that eq. (2.6) is recovered and the O(a)-improvement of the renormalized HVP function is
guaranteed.
In this work the local version of the vector current is adopted (see later eq. (3.23) in
section 3.4).
3.3 Perturbative QCD (pQCD) and the behavior of V (t) at small t
The HVP function R(Q
2) obeys the (once subtracted) dispersion relation
R(Q
2)  (Q2) (0) = 1
122
Z 1
sthr
ds
Q2
s(s+Q2)
Rhad(s) ; (3.14)
where Rhad(s) is related to the (one photon) e+e  annihilation cross section into hadrons,
had(s), by
had(s) =
42em
s
Rhad(s) (3.15)
with s being the center-of-mass energy and sthr = 4M
2
 .
The pQCD prediction for Rhad(s) is known up to three loops including mass correc-
tions [42]. Here we limit ourselves to the lowest order prediction, which, for each quark
avor f , reads as
RpQCD(s) = q2fNc
r
1  4m
2
s

1 +
2m2
s

(s  4m2) +O(s) ; (3.16)
where m is the on-shell quark mass. Inserting eq. (3.16) into eq. (3.14) one obtains
pQCDR (Q
2) =
q2fNc
122
"
x2   5
3
+ (2  x2)
p
1 + x2 ln
 
1 +
p
1 + x2
x
!#
; (3.17)
where x  2m=Q. The behavior of pQCDR (Q2) at large Q2 is given by
pQCDR (Q
2)      !
Q2!1
q2fNc
122

ln

Q2
m2

  5
3
+ 6
m2
Q2
 3 m
4
Q4

1 + 2ln

Q2
m2

+O

m6
Q6

; (3.18)
which exhibits a logarithmic divergence.
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In the continuum the vector correlator (2.5) can be obtained simply by taking the
Fourier transform of the spatial components of the HVP tensor (2.3). Choosing Q along
the time direction only, one gets
V (t) 
Z 1
 1
dQ e iQt
1
3
X
i=1;2;3
ii(Q)    !
t >0
Z 1
 1
dQ e iQtQ2R(Q2) : (3.19)
Using eq. (3.14) one has
V (t)    !
t >0
1
122
Z 1
sthr
ds
1
s
Rhad(s)
Z 1
 1
dQ e iQt
Q4
s+Q2
   !
t >0
1
242
Z 1
sthr
ds
p
sRhad(s)e 
p
st : (3.20)
Consequently, using the pQCD result (3.16) for Rhad(s) (including the quark mass threshold
sthr = 4m
2) the pQCD prediction for V (t) is given by
V pQCD(t)    !
t >0
2q2fNc
32
m3
Z 1
1
dy y2
r
1  1
y2

1 +
1
2y2

e 2mty
=
q2fNc
62

1
t3
e 2mt(1 + 2mt+ 2m2t2)
+ 4m3
Z 1
1
dy y2
r
1  1
y2

1 +
1
2y2

  1

e 2mty

: (3.21)
Note that e 2mt(1 + 2mt + 2m2t2) = 1 + O(m3t3) and therefore at small values of t the
vector correlator V pQCD(t) is dominated by a mass-independent term, namely
V pQCD(t)      !
t 1=m
q2f
22
1
t3
+O(m3;m4t) ; (3.22)
which represents also the vector correlator V pQCD(t) in the massless limit.
In gure 2 we compare the pQCD predictions (3.21) and (3.22) with the vector corre-
lator V (t) obtained using the ETMC ensembles A30.32, B25.32 and D20.48, which share
an approximate common value of the light-quark mass m` ' 12 MeV and dier only in the
values of the lattice spacing. It can be clearly seen that at small values of t the lattice
data match nicely the (lowest order) pQCD prediction. The inclusion of the radiative cor-
rections from ref. [42] leads to an eect of the order of  10%, which does not modify the
quality of the agreement shown in gure 2.
A closer look to gure 2 shows that the matching with pQCD is present up to time
distances of  1 fm (the agreement can be extended in the case of the strange vector
correlator by including the corrections due to the strange quark mass), which corresponds
to 1=QCD with QCD  300 MeV, i.e., the agreement is observed down to energy scales
of the order of QCD. One would expect that pQCD works at t 1=QCD or Q QCD.
The fact that instead the matching appears to work at larger time distances is a nice
manifestation of the quark-hadron duality a la SVZ, which states that the sum of the
contributions of the excited states is dual to the pQCD behaviour.
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Figure 2. The vector correlator V (t)=q2f (in physical units) in the case of the light (left panel),
strange (middle panel) and charm (right panel) contributions for the ETMC gauge ensembles spec-
ied in the inset, which share an approximate common value of the light-quark mass m` ' 12 MeV
and dier in the values of the lattice spacing. The dashed lines represent the mass-indepedent pQCD
prediction (3.22), while the solid line in the right panel is the pQCD prediction (3.21) calculated
for an on-shell charm quark mass equal to mc = 1:253 GeV.
Finally, it is interesting to estimate the contribution to ahad coming from values
of Q2 larger than Q2max ' 1=a2, which for our lattice setup is always larger than
4 GeV2. Using the pQCD prediction (3.17) for the large Q2-behavior of R(Q
2), one gets:
ahad (Q
2 > 4 GeV2) ' 1:3; 0:11; 0:06 (in units of 10 10) in the case of the light, strange
and charm contributions, respectively. The above ndings represent only a small fraction
of the uncertainties of the present lattice estimates of the three contributions to ahad (see
refs. [13{15, 19]).
Alternatively we can check the change induced in the kernel function f(t) by cutting
the upper integration limit in eq. (3.4) to !max = Qmax=m ' 1=(am). Since in our lattice
setup !max & 20, the kernel function f(t) changes at most by one part over ' 106 at small
t in the case of the muon.
3.4 Ground-state identication
Our numerical simulations of the vector correlator V (t) have been carried out in the context
of a more general project aiming at the determination of the e.m. and strong IB corrections
to pseudoscalar meson masses and leptonic decay constants [43]. In this project the bilinear
operators were constructed adopting opposite values of the Wilson r-parameter. Thus,
instead of eq. (3.5) the evaluation of the vector correlator has been carried out using the
following local current:
J(x) = ZA qf  f 0(x) f (x) ; (3.23)
where  f 0 and  f represent two quarks with the same mass and charge, but regularized
with opposite values of the Wilson r-parameter, i.e. rf 0 =  rf . Being at maximal twist
the current (3.23) renormalizes multiplicatively with the renormalization constant ZA of
the axial current.
The choice (3.23) diers from the one given by eq. (3.5) by lattice artefacts of order
O(a2) and by the absence of disconnected insertions. The rst point is illustrated in
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Figure 3. Results for the strange contribution to ahad in units of 10
 10 at lowest order versus the
squared lattice spacing (in units of the Sommer parameter determined in ref. [34]), obtained using
the local currents (3.5) (same r-parameters) and (3.23) (opposite r-parameters) for the ETMC
gauge ensembles A30.32, B25.32 and D20.48, which share an approximate common value of the
light-quark mass and dier by the values of the lattice spacing. The empty markers represent the
value extrapolated in the continuum limit assuming a linear behavior in a2.
gure 3, where the contribution of the strange quark to ahad , evaluated using either the
current (3.23) or the connected insertion of eq. (3.5), is shown as a function of a2 for the
three ensembles A30.32, B25.32 and D20.48, which share an approximate common value of
the light-quark mass. It can be seen that the same continuum limit is reached using either
currents, conrming that the dierence is due to discretization eects of order O(a2).
Moreover, the absence of disconnected insertions in the current (3.23) implies that the
\purely connected" vector correlator based on the current (3.5) is a well dened quantity
and admits the hadron decomposition necessary for having the representation (3.3) (see
also refs. [17, 18] and therein quoted).
The statistical accuracy of the meson correlators is based on the use of the so-called
\one-end" stochastic method [44], which includes spatial stochastic sources at a single time
slice chosen randomly. Four stochastic sources (diagonal in the spin variable and dense in
the color one) were adopted at rst per each gauge conguration.
In the case of the light-quark contribution the signal-to-noise ratio does not allow to
determine the ground-state mass MV and the corresponding matrix element ZV from the
behavior of the vector correlator at large time distances. This is at variance with the case
of the strange and charm contributions, as it is illustrated in gure 4, where it is also shown
that discretization eects are sub-leading.
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Figure 4. The vector correlator V (t)=q2f (in physical units) in the case of the light (left panel) and
strange (right panel) quarks for the ETMC gauge ensembles specied in the inset, which share an
approximate common value of the light-quark mass m` ' 12 MeV and dier in the values of the
lattice spacing.
 V=a4 tmin(ss) tmax(ss) tmin(cc) tmax(cc)
1:90 323  64 14 28 16 30
243  48 14 20 16 22
203  48 14 20 16 22
1:95 323  64 15 28 17 30
243  48 15 20 17 22
2:10 483  96 20 40 22 44
Table 2. Values of tmin and tmax chosen to extract the ground-state signal from the strange and
charm contributions to the vector correlator V (t) for the ETMC gauge ensembles of table 1.
Thus, the identication of the ground-state is presently possible only in the case of ss
and cc vector mesons. To improve the statistics we took a signicative advantage by using
the DD  AMG solver [45], which has allowed us to increase by a factor of 5 the number
of stochastic sources in the case of the strange quark. In this way we nd that the quality
of the plateaux, shown in gure 5, is acceptable in the strange sector and nice in the charm
one. In the case of the light-quark contribution an increase of the statistics by a factor
 20 is expected to be needed.
For each gauge ensemble the masses MV and the matrix elements ZV are ex-
tracted from a single exponential t (including the proper backward signal) in the range
tmin  t  tmax. The values chosen for tmin and tmax are collected in table 2.
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Figure 5. Eective mass of the vector correlator V (t) in the case of the strange (left panel) and
charm (right panel) contributions for the ETMC gauge ensembles specied in the insets.
4 Strange and charm contributions: lowest order
Let's start by considering the evaluation of ahad (<) and a
had
 (>) dened in eqs. (3.2){(3.3)
for various values of the \cut" T data chosen in the range between tmin and tmax given
in table 2.
The results for the strange contribution to ahad (<), a
had
 (>) and their sum a
had
 ob-
tained adopting four choices of T data, namely: T data = (tmin +2), (tmin +tmax)=2, (tmax 2)
and (T=2   4), are collected in table 3 for illustrative purposes in the case of few ETMC
gauge ensembles.
The separation between ahad (<) and a
had
 (>) depends on the specic value of T data, as
it should be, but their sum ahad is almost independent of the choice of the value of T data in
the range between tmin and tmax. This is also reassuring of the fact that the value of a
had
 is
not contaminated signicantly by the presence of backward signals in the correlator V (t).
In the case of the charm contribution the value of ahad (>) is always several orders of
magnitude smaller than ahad (<) and the latter turns out to be the same for all the four
choices of T data.
Note that for T data = T=2 4 the contribution ahad (>), which depends on the analytic
representation (3.3), does not exceed ' 1:2% of the total value ahad even at the smallest
value of the time extension T .
In what follows all the four choices of T data will be employed in the various branches of
our bootstrap analysis. The corresponding systematics is largely sub-dominant with respect
to the other sources of uncertainties and it will not be given separately in the error budget.
The results obtained for the strange and charm contributions to ahad are shown by
the empty markers in gure 6. We observe a mild dependence on the light-quark mass,
being driven only by sea quarks, and also small residual FSEs visible only in the case of the
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ensemble A40.24
ss (tmin + 2) (tmin + tmax)=2 (tmax   2) (T=2  4)
ahad (<) 38:03 (28) 38:65 (29) 39:10 (29) 39:67 (30)
ahad (>) 1:97 (13) 1:41 (10) 1:00 (8) 0:49 (5)
ahad 40:00 (32) 40:06 (31) 40:10 (31) 40:16 (31)
ensemble A30.32
ss (tmin + 2) (tmin + tmax)=2 (tmax   2) (T=2  4)
ahad (<) 40:44 (19) 42:77 (23) 43:26 (25) 43:32 (25)
ahad (>) 3:15 (18) 0:63 (5) 0:11 (1) 0:05 (1)
ahad 43:59 (30) 43:40 (25) 43:37 (25) 43:37 (25)
ensemble B25.32
ss (tmin + 2) (tmin + tmax)=2 (tmax   2) (T=2  4)
ahad (<) 40:83 (14) 43:18 (17) 44:05 (18) 44:16 (19)
ahad (>) 3:52 (14) 1:11 (6) 0:23 (1) 0:11 (1)
ahad 44:35 (22) 44:29 (19) 44:28 (19) 44:27 (19)
ensemble D15.48
ss (tmin + 2) (tmin + tmax)=2 (tmax   2) (T=2  4)
ahad (<) 42:34 (17) 45:86 (19) 46:50 (20) 46:58 (20)
ahad (>) 4:27 (18) 0:75 (5) 0:10 (1) 0:02 (1)
ahad 46:61 (24) 46:61 (20) 46:60 (20) 46:60 (20)
Table 3. Results for the strange contribution to ahad (<), a
had
 (>) and their sum a
had
 , in units
of 10 10, obtained assuming T data = (tmin + 2), (tmin + tmax)=2, (tmax   2) and (T=2   4) for the
ETMC gauge ensembles A40.24, A30.32, B25.32 and D15.48. Errors are statistical only.
strange contribution. The errors of the data turn out to be dominated by the uncertainties
of the scale setting, which are similar for all the gauge ensembles used in this work.
In ref. [13] a modication of the calculated ahad at pion masses above the physical
point has been proposed in order to weaken the pion mass dependence of the resulting
ahad for improving the reliability of the chiral extrapolation. Though the procedure of
ref. [13] has been conceived mainly for the light contribution to ahad , we have explored its
usefulness also in the case of the strange and charm contributions. The proposal consists
in multiplying the Euclidean 4-momentum transfer Q2 by a factor equal to (MV =M
phys
V )
2
in order to modify the Q2-dependence of the HVP function R(Q
2) without modifying
its value at the physical point. One obtains the same eect in our master formulae by
redening the lepton mass as
mELM = MV
m
MphysV
: (4.1)
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Figure 6. Results for the strange (left panel) and charm (right panel) contributions to ahad in
units of 10 10, evaluated with (lled markers) and without (empty markers) the ELM procedure
described by eq. (4.1). The PDG values M
(phys)
V = 1:0195 and 3:0969 GeV [2] have been adopted
for the physical ss and cc vector meson masses, respectively.
The expected advantage of the use of the eective lepton mass (4.1) comes from the fact
that the kernel function, and therefore ahad , depends only on the lepton mass in lattice
units (see eq. (3.4)). Thanks to eq. (4.1), which will be referred to as the Eective Lepton
Mass (ELM) procedure, the knowledge of the value of the lattice spacing is not required
and therefore the resulting ahad is not aected by the uncertainties of the scale setting.
The drawback of the ELM procedure is instead represented by its potential sensitivity to
the statistical uctuations of the vector meson mass extracted from the lattice data.
The results obtained adopting the ELM procedure (4.1) in the case of the strange
and charm contributions to ahad are shown by the lled markers in gure 6, where the
physical values for the ss and cc vector masses have been taken from PDG [2] (namely,
M
(phys)
V = 1:0195 and 3:0969 GeV, respectively).
1 It can be seen that the ELM procedure
reduces remarkably the overall uncertainty of the data. Moreover, it further weakens
the pion mass dependence (in any case driven only by the sea quarks) and modies the
discretization eects, leading to a better scaling behavior of the data in the case of the
charm contribution. Since the pion mass dependence is in any case quite mild, the ELM
procedure can be viewed as an alternative way to perform the continuum extrapolation
and to avoid the scale setting uncertainties.
Using the data obtained either with or without the ELM procedure we have performed
a combined t for the extrapolation to the physical pion mass, the continuum and innite
1We have checked that the chiral and continuum extrapolations of the simulated vector meson masses
are consistent with the PDG values within lattice uncertainties, which are dominated by the error of the
lattice scale.
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volume limits using the following simple Ansatz
as;c = A
s;c
0

1 +As;c1  +D
s;ca2 + F s;c
e ML
ML

; (4.2)
where   M2=(4f0)2 and the exponential term is a phenomenological representation of
possible nite size eects (FSEs). The results of the linear t (4.2) are shown in gure 7
by the solid lines. In our combined t the values of the parameters are determined by a
2-minimization procedure adopting an uncorrelated 2. The uncertainties on the tting
parameters do not depend on the value of the uncorrelated 2, because they are obtained
using the bootstrap procedure of ref. [34] (see section 3.1). This guarantees that all corre-
lations among the lattice data points and among the tting parameters are properly taken
into account.
Averaging over the results corresponding to dierent tting functions of the data either
with or without the ELM procedure we get at the physical point
as;phys = (53:1 1:6stat+t  1:5input  1:3disc  0:2FSE  0:1chir)  10 10 ;
= (53:1 1:6stat+t  2:0syst)  10 10 ;
= (53:1 2:5)  10 10 ; (4.3)
where
 ()stat+t indicates the uncertainty induced by both the statistical errors and the tting
procedure itself;
 ()input is the error coming from the uncertainties of the input parameters of the eight
branches of the quark mass analysis of ref. [34];
 ()disc is the uncertainty due to both discretization eects and scale setting, estimated
by comparing the results obtained with and without the ELM procedure (4.1);
 ()FSE is the error coming from including (F s 6= 0) or excluding (F s = 0) the FSE
correction. When FSEs are not included, all the gauge ensembles with L=a = 20 and
24 are also not included;
 ()chir is the error coming from including (As1 6= 0) or excluding (As1 = 0) the linear
term in the light-quark mass.
Our result (4.3) compares well with the Nf = 2 + 1 + 1 result a
s;phys
 = (53:41 0:59) 
10 10 from the HPQCD collaboration [14], the Nf = 2+1 nding a
s;phys
 = (53:10:9+0:1 0:3) 
10 10 obtained by the RBC/UKQCD collaboration [19], and with the recent Nf = 2 result
as;phys = (51:1 1:7 0:4)  10 10 of ref. [21].
In the case of the charm contribution we obtain
ac;phys = (14:75 0:42stat+t  0:36input  0:10disc  0:03FSE  0:01chir)  10 10 ;
= (14:75 0:42stat+t  0:37syst)  10 10 ;
= (14:75 0:56)  10 10 ; (4.4)
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Figure 7. Results for the strange (left panels) and charm (right panels) contributions to ahad in
units of 10 10 for the ETMC gauge ensembles of table 1. Upper (lower) panels correspond to the
data obtained with (without) the ELM procedure (4.1). The dashed lines correspond to the linear
t (4.2) including the discretization term in the innite volume limit. The solid lines correspond to
the linear t (4.2) in the continuum and innite volume limits, while the shaded areas identify the
corresponding uncertainty at the level of one standard deviation. The triangles are the results of
the extrapolation at the physical pion mass and in the continuum and innite volume limits based
on the linear t (4.2).
where the errors are estimated as in the case of the strange quark contribution. Our
nding (4.4) agrees with the Nf = 2 + 1 + 1 result a
c;phys
 = (14:42 0:39)  10 10 from the
HPQCD collaboration [14] and with recent Nf = 2 one a
c;phys
 = (14:3 0:2 0:1)  10 10
of ref. [21].
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where mud ¼ ðmd þmuÞ=2 is the bare isosymmetric light quark mass. In the case of the neutral pion we obtain
The sea quark propagators have been drawn in blue (and with a different line) and the isosymmetric vacuum polarization
diagrams have not been displayed explicitly. By combining the previous expressions we find the elegant formula
All the isosymmetric vacuum polarization diagrams cancel
by taking the difference of!M!þ and!M!0 together with
the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) and (65). Note, in particular, the can-
cellation of the corrections/counterterms corresponding to
the variation of the symmetric up-down quark mass mud %
m0ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general feature: at first order of the
perturbative expansion in "^em and m^d % m^u, the isosym-
metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that
vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-
nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m^u ¼ m^d ¼ 0 for
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for all these reasons, the expression for the pi mass
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On the other ha d, the lattice calculation of the discon-
nected diagram pr sent in Eq. (66) is a highly nontrivial
numerical proble and we shall neglect this contribution
in this paper. Relying on the same argum nts that lead to
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pion mass has to vani h in the limit m^u ¼ m^d ¼ 0 for
G.M. DE DIVITIIS et al. PHYSICAL REVIEW D 87, 114505 (2013)
114505-12
(b)
where mud ¼ ðmd þmuÞ=2 is the bare isosymmetric light quark mass. In the case of the neutral pion we obtain
The sea quark propagators have been drawn in blue (and with a different line) and the isosymmetric vacuum polarization
diagrams have not been displayed explicitly. By combining the previous expressions we find the elegant formula
All the isosymmetric vacuum polarization diagrams cancel
by taking the difference of!M!þ and!M!0 together with
the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) and (65). Note, in particular, the can-
cellation of the corrections/counterterms corresponding to
the variation of the symmetric up-down quark mass mud %
m0ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general feature: at first order of the
perturbative expansion in "^em and m^d % m^u, the isosym-
metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that
vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-
nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m^u ¼ m^d ¼ 0 for
G.M. DE DIVITIIS et al. PHYSICAL REVIEW D 87, 114505 (2013)
114505-12
(c)
where mud ¼ ðmd þmuÞ=2 is the bare isosymmetric light quark mass. In the case of the neutral pion we obtain
The sea quark propagators have been drawn in blue (and with a different line) and the isosymmetric vacuum polarization
diagrams have not been displayed explicitly. By combining the previou expressions we find the el gant formula
All the isosymmetric vacuum polarization diagrams cancel
by taking the difference of!M!þ and!M!0 together with
the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) and (65). Note, in particular, the can-
cellation of the corrections/counterterms corresponding to
the variation of the symmetric up-down quark mass mud %
m0ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general feature: at first order of the
perturbative expansion in "^em and m^d % m^u, the isosym-
metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that
vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-
nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m^u ¼ m^d ¼ 0 for
G.M. DE DIVITIIS et al. PHYSICAL REVIEW D 87, 114505 (2013)
114505-12
(d)
where mud ¼ ðmd þmuÞ=2 is the bar isosymmetric light quark mass. In the cas of the neutral pion we obtain
The sea quark prop g tors have been drawn in blue (and with different lin ) a d t isosymmetric vacuum polarization
diagr ms have not been displayed expli itly. By combining the pr vious expr ssions we find the eleg nt formula
All the isosymmetric cuum polarization diagrams can el
by taking the diff renc of!M!þ and!M!0 together with
the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) a d (65). Note, in particular, the can-
cellation of the corre tions/c unterterms corresponding t
the vari tion of the symmetric up-d wn q ark mas ud %
m0ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general f atur : at first order of the
perturbative expansion in "^em and m^d % m^u, the isosym-
metric corre tions c ming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that
vanish in t e isosy metric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already str ss d, t e electric
charge doe n t need to be re ormalized t this order nd,
for all these r asons, the expression for the pion mas
splitting ca be considered a ‘‘clean’’ th oretical predictio .
On the ot r hand, the lattice calcul tion of the discon-
nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. R lying on the same rguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass h s to vanish in the limit m^u ¼ m^d ¼ 0 for
G.M. DE DIVITIIS et al. PHYSICAL REVIEW D 87, 114505 (2013)
114505-12
(e)
Figure 8. Fermionic connected diagrams contributing to the e.m. corrections to ahad : exchange
(a), self energy (b), tadpole (c), pseudoscalar (d) and scalar (e) insertions. Solid lines represent
quark propagators.
5 Strange and charm contributions: e.m. corrections
Let's now turn to the e.m. corrections at leading order in em to a
had
 , which using the
expansion method of ref. [28] require the evaluation of the self-energy, exchange, tadpole,
pseudoscalar and scalar insertion diagrams depicted in gure 8.
For each quark avor f the e.m. correction V (t) to the vector correlator is given by
V (t)  V self(t) + V exch(t) + V tad(t) + V PS(t) + V S(t) (5.1)
with
V self+exch(t) =
4em
3
X
i=1;2;3
X
~x;y1;y2
h0jT
(
Jyi (~x; t)
X

JC (y1)J
C
 (y2) Ji(0)
)
j0i ; (5.2)
V tad(t) =
4em
3
X
i=1;2;3
X
~x;y
h0jT
(
Jyi (~x; t)
X

T(y) Ji(0)
)
j0i ; (5.3)
V PS(t) =
2mcritf
3
X
i=1;2;3
X
~x;y
h0jT
n
Jyi (~x; t) i f (y)5 f (y) Ji(0)
o
j0i ; (5.4)
V S(t) =   2mf
3ZmZf
X
i=1;2;3
X
~x;y
h0jT
n
Jyi (~x; t)  f (y) f (y) Ji(0)
o
j0i ; (5.5)
where JC (y) and T(y) are given in eqs. (3.6) and (3.8), respectively. In eq. (5.1) m
crit
f
is the e.m. shift of the critical mass for the quark avor f , while Zm and Zf are related
to the mass renormalization constants (RCs) in QCD and QCD+QED. For our maximally
twisted-mass setup mcritf has been determined in ref. [29], while 1=Zm = ZP , where ZP is
the RC of the pseudoscalar density evaluated in ref. [34]. For 1=Zf we use the perturbative
result at leading order in em in the MS scheme, given by [46, 47]
1
Zf (MS; ) =
emq
2
f
4
[6log(a)  22:5954] ; (5.6)
where the renormalization scale  is taken to be equal to  = 2 GeV, at which we consider
that the renorm lized quark m sses in QCD and QCD+QED coincide (see ref. [29]).
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The removal of the photon zero-mode is done according to QEDL [48], i.e. the photon
eld A satises A(k0;~k = ~0)  0 for all k0.
Within the quenched QED approximation, which neglects the eects of the sea-quark
electric charges, the correlator V self(t) + V exch(t) corresponds to the sum of the dia-
grams 8a{8b, while the correlators V tad(t), V PS(t) and V S(t) represent the contribu-
tions of the diagrams 8c, 8d and 8e, respectively. In the quenched QED approximation the
shift mcritf is proportional to emq
2
f (see for details ref. [29]).
In addition one has to consider also the QED contribution to the renormalization
constant of the vector current (3.23), namely
ZA = Z
(0)
A + ZA +O(2em) ; (5.7)
where Z
(0)
A is the renormalization constant (RC) of the current in absence of QED (deter-
mined in ref. [34]) and ZA is the O(em) RC. The latter can be written as
ZA = Z
(0)
A  Z(em)A  Z(fact)A ; (5.8)
where Z
(em)
A is the one-loop perturbative estimate of the QED eect at order O(0s) in
the strong coupling and Z
(fact)
A takes into account corrections of order O(emns ) with
n  1, i.e. corrections to the \naive factorization" approximation in which Z(fact)A = 1.
In the appendix A we present our non-perturbative estimate Z
(fact)
A = 0:9  0:1, obtained
through the use of the axial Ward-Takahashi identity (WTI) derived in the presence of
QED eects.2 Using the result Z
(em)
A =  15:7963 em q2f=(4) from refs. [46, 47], we have
to add to eq. (5.1) the following contribution
V ZA(t)   2:51406 emq2f Z(fact)A V (t) : (5.9)
Thus, the e.m. corrections ahad can be written as
ahad  ahad (<) + ahad (>) (5.10)
with (see eqs. (3.2){(3.3))
ahad (<) = 4
2
em
TdataX
t=0
f(t) V (t) ; (5.11)
ahad (>) = 4
2
em
1X
t=Tdata+1
f(t) 

ZV
2MV
e MV t

= 42em
1X
t=Tdata+1
f(t)
ZV
2MV
e MV t

ZV
ZV
  MV
MV
(1 +MV t)

; (5.12)
where MV and ZV can be determined, respectively, from the \slope" and the \intercept"
of the ratio V (t)=V (t) at large time distances tmin  t  tmax (see refs. [27{29]). Note
2A dierent non-perturbative procedure for evaluating the QED contribution to the RC of the local
vector current has been recently developed in ref. [32].
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Figure 9. The time behavior of the integrand function ahad (t) in the r.h.s. of eqs. (5.11){(5.12) in
the case of the strange (left panel) and charm (right panel) quarks in units of 10 10, obtained for the
ETMC gauge ensemble D20.48. The labels \self", \tad + PS", \exch", \scalar" and \ZA" indicate
the contributions of the diagrams 8b, 8c+8d, 8a, 8e and the one generated by the QED eect in the
RC ZA of the local vector current at leading order in em (see eq. (5.9)) with Z
(fact)
A = 0:9. The
label \total" corresponds to the sum of all the contributions.
that all the quantities V , ZV and MV are proportional to emq
2
f , which make a
had

proportional to 3emq
4
f .
The time dependence of the integrand function in the r.h.s. of eqs. (5.11){(5.12) is
shown in gure 9 in the case of the ETMC gauge ensemble D20.48. The contributions
coming from the various diagrams of gure 8 as well as from the additional term (5.9) are
determined quite precisely and are characterized by dierent signs. Partial cancellations
among the various contributions occur in the total sum, which turns out to be smaller than
each individual contributions. Thus, even a 10% uncertainty on the RC ZA may have a
larger impact on the nal uncertainty of ahad , as it will be shown later on.
The results for the strange contribution to ahad (<), a
had
 (>) and their sum a
had
 ,
obtained adopting the four choices of T data, namely: T data = (tmin + 2), (tmin + tmax)=2,
(tmax   2) and (T=2  4), are collected in table 4 for some of the ETMC gauge ensembles.
As in the case of the lowest-order terms ahad (<) and a
had
 (>), we nd that the separa-
tion between ahad (<) and a
had
 (>) depends on the specic value of T data, as it should be,
but their sum ahad is largely independent of the choice of the value of T data in the range
between tmin and tmax within the statistical uncertainties. As in the case of the lowest-order
term, the contribution ahad (>), which depends on the analytic representation (5.12), is
signicantly reduced at T data = T=2 4, where it does not exceed the statistical uncertainty
of ahad .
In the case of the charm contribution the value of ahad (>) is always several orders of
magnitude smaller than ahad (<) and the latter turns out to be the same for all the four
choices of T data.
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ensemble A40.24
ss (tmin + 2) (tmin + tmax)=2 (tmax   2) (T=2  4)
ahad (<)  1:26 (13)  1:36 (14)  1:45 (14)  1:58 (15)
ahad (>)  0:40 (7)  0:31 (6)  0:24 (5)  0:13 (3)
ahad  1:66 (16)  1:67 (16)  1:69 (16)  1:71 (16)
ensemble A30.32
ss (tmin + 2) (tmin + tmax)=2 (tmax   2) (T=2  4)
ahad (<)  1:03 (10)  1:44 (15)  1:56 (17)  1:58 (17)
ahad (>)  0:56 (8)  0:16 (3)  0:03 (1)  0:02 (1)
ahad  1:59 (18)  1:60 (17)  1:59 (17)  1:60 (18)
ensemble B25.32
ss (tmin + 2) (tmin + tmax)=2 (tmax   2) (T=2  4)
ahad (<)  1:35 (12)  1:80 (15)  2:05 (17)  2:09 (18)
ahad (>)  0:80 (8)  0:34 (4)  0:09 (1)  0:05 (1)
ahad  2:15 (18)  2:14 (18)  2:14 (18)  2:14 (18)
ensemble D15.48
ss (tmin + 2) (tmin + tmax)=2 (tmax   2) (T=2  4)
ahad (<)  1:27 (9)  1:86 (15)  2:02 (18)  2:04 (19)
ahad (>)  0:77 (13)  0:19 (4)  0:03 (1)  0:01 (1)
ahad  2:04 (20)  2:05 (19)  2:05 (19)  2:05 (19)
Table 4. Results for the strange contribution to ahad (<), a
had
 (>) and their sum a
had
 , in units
of 10 12, obtained assuming T data = (tmin + 2), (tmin + tmax)=2, (tmax   2) and (T=2   4) for the
ETMC gauge ensembles A40.24, A30.32, B25.32 and D15.48. Errors are statistical only.
The precision of the lattice data can be drastically improved by forming the ratio of
the e.m. correction over the lowest-order term. Therefore, in what follows we perform our
analysis of the ratio ahad =a
had
 , which is shown in gure 10. We have checked that in
the case of the e.m. corrections the use of the ELM procedure (4.1) does not improve the
precision of the lattice data.
It can be seen from gure 10 that the dependence on the light-quark mass m` is quite
mild, being driven only by sea quarks, and that the uncertainties of the data are dominated
by the error on the RC ZA, which has been taken to be the same for all the gauge ensembles
used in this work (see appendix A).
The FSEs are visible only in the case of the strange quark. A theoretical calculation
of FSEs for ahad is not yet available. According to the general ndings of ref. [49] the
universal FSEs are expected to vanish, since they depend on the global charge of the meson
states appearing in the spectral decomposition of the vector correlator V (t). Moreover,
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Figure 10. Results for the strange (left panel) and charm (right panel) contributions to ahad =a
had
 ,
obtained for the ETMC gauge ensembles of table 1. The dashed lines correspond to the linear
t (5.13) including the discretization term in the innite volume limit. The solid lines correspond
to the linear t in the continuum and innite volume limits, while the shaded areas identify the
corresponding uncertainty at the level of one standard deviation. The triangles are the results of
the extrapolation at the physical pion mass and in the continuum and innite volume limits. The
data are evaluated without adopting the ELM procedure (4.1).
the structure-dependent (SD) FSEs are expected to start at order O(1=L2). According to
the eective eld theory approach of ref. [50], one might argue that in the case of mesons
with vanishing charge radius (as the ones appearing in the correlator V (t)) the SD FSEs
may start at order O(1=L3). Therefore we adopt the following simple tting function
as;c
as;c
= As;c0 + A
s;c
1 m` + D
s;ca2 + F s;c
1
Ln
(5.13)
where the power n can be put equal to n = 2 or n = 3. In tting our data we do not
observe sensitivity to the above choices of the power n within the statistical uncertainties.
At the physical pion mass and in the continuum and innite volume limits we get
as;phys
as;phys
=  0:000332 (46)stat+t (6)input (8)FSE (4)chir (2)disc (208)ZA ;
=  0:000332 (46)stat+t (208)syst ;
=  0:000332 (213) ; (5.14)
and
ac;phys
ac;phys
=  0:00205 (12)stat+t (1)input (1)FSE (1)chir (1)disc (85)ZA ;
=  0:00205 (12)stat+t (85)syst ;
=  0:00205 (86) ; (5.15)
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where
 ()stat+t indicates the uncertainty induced by both the statistical errors and the tting
procedure itself;
 ()input is the error coming from the uncertainties of the input parameters of the eight
branches of the quark mass analysis of ref. [34];
 ()disc is the uncertainty due to both discretization eects and scale setting, estimated
by comparing the results obtained with and without the ELM procedure (4.1);
 ()FSE is the error coming from including (F s 6= 0) or excluding (F s = 0) the FSE
correction. When FSEs are not included, all the gauge ensembles with L=a = 24 are
also not included;
 ()chir is the error coming from including (As1 6= 0) or excluding (As1 = 0) the linear
term in the light-quark mass.
 ()ZA is the error generated by the uncertainty on the RC ZfactA (see eq. (5.8)), which
turns out to be by far the dominant source of uncertainty.
Using the lowest-order results (4.3){(4.4) we obtain
as;phys =  0:018 (11)  10 10 ; (5.16)
ac;phys =  0:030 (13)  10 10 : (5.17)
Thus, the e.m. corrections to as and a
c
 turn out to be negligible with respect to the
current uncertainties of the lowest-order terms.
6 Conclusions
We have presented a lattice calculation of the HVP contribution of strange and charm
quarks to the anomalous magnetic moment of the muon at orders O(2em) and O(3em) in
the e.m. coupling.
We have employed the gauge congurations generated by the European Twisted Mass
Collaboration with Nf = 2 + 1 + 1 dynamical quarks at three values of the lattice spacing
(a ' 0:062{0:089 fm) with pion masses in the range M ' 210{450 MeV and with strange
and charm quark masses tuned at their physical values.
In this work we have taken into account only connected diagrams, in which each quark
avor contributes separately, and a direct summation of the relevant correlators over the
Euclidean time distances has been performed, adopting the local lattice version of the
e.m. current operator.
As for the calculation of the e.m. corrections in the strange and charm sectors, we have
adopted the RM123 approach of ref. [28], based on the expansion of the lattice path-integral
in powers of the small e.m. coupling, namely em  1%.
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After extrapolation to the physical pion mass and to the continuum limit our results
for ahad are for the lowest-order contributions
as(
2
em) = (53:1 2:5)  10 10 ; (6.1)
ac(
2
em) = (14:75 0:56)  10 10 (6.2)
and for the e.m. corrections
as(
3
em) = ( 0:018 0:011)  10 10 ; (6.3)
ac(
3
em) = ( 0:030 0:013)  10 10 ; (6.4)
which show that the latter ones are negligible with respect to the present uncertainties of
the lowest-order terms. We stress that the current uncertainties on the e.m. corrections as
and ac are of the order of  60% and  40%, since they are dominated by the uncertainty
on the RC ZA of the local vector current, which has been estimated through the axial
Ward-Takahashi identity (WTI) derived in the presence of QED eects (see appendix A).
A dedicated study aimed at the determination of the RCs of bilinear operators in presence
of QED employing non-perturbative renormalization schemes, like the RI-MOM one, is
expected to improve signicantly the precision of the calculation of the e.m. corrections
and isospin-breaking eects on ahad .
Our ndings demonstrate that the expansion method of ref. [28], which has been
already applied successfully to the calculation of e.m. corrections to meson masses [28, 29]
and to the leptonic decays of pions and kaons [30, 31], works as well also in the case of
the HVP contribution to the muon anomalous magnetic moment. The application of the
approach presented in this work to the case of the u- and d-quark contributions is ongoing.
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A Non-perturbative estimate of the RCs Z
(fact)
V and Z
(fact)
A
A.1 Axial Ward-Takahashi identity in the presence of electromagnetism
For an isospin doublet   ( 1;  2) of mass-degenerate quarks the twisted-mass (TM)
action including QED is given in the physical basis at maximal twist by [36, 38, 39]
S = a4
X
x
 (x)
(
M(x; y)  1
2a
X

[F(x; y) +B(x; y)]
)
 (y) ; (A.1)
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where
M(x; y) =
h
m+ i

4
r
a
 mcrit

53
i
(x; y) ; (A.2)
F(x; y) = (ir53   )U(x)E(x)(x+ a^; y) ; (A.3)
B(x; y) = (ir53 + )U
y
(y)E
y
(y)(x  a^; y) ; (A.4)
with E(x) = e
ieQA(x) being the QED link, A (x) the photon eld, m the twisted bare
quark mass (in QCD+QED), mcrit the critical mass (in QCD+QED) and Q  diag fq1; q2g.
Performing the local non-singlet axial rotation
 (x)! 1 + i(x)+5 (x)
 (x)!  (x) 1 + i(x)+5
with +  1 + i2, one has
S
 [i(x)]
=  @A(x) + 2m  (x)5+ (x) +X(x) = 0 ; (A.5)
where @ is the backward derivative in the  direction and
A(x) =
1
2

 (x)5
+U(x)E(x) (x+ a^) + h:c:

(A.6)
X(x) =   1
2a
X

 (x  a^)5U(x  a^)

+; E(x  a^)

 (x) + h:c:
  ir
2a
X

 (x) +3U (x)E (x) (x+ a^) + h:c:
  ir
2a
X

 (x  a^) 3U (x  a^)E (x  a^) + (x) + h:c: (A.7)
We now choose that the charges of the two quarks are the same, i.e. q1 = q2 = q. This
implies that the isospin rotation + commutes with the QED link E(x). Consequently,
the rst line in eq. (A.7) vanishes, while the second and third lines can be written as a
backward derivative. Thus, eq. (A.5) becomes
@A
TM
 (x) = 2m  (x)5
+ (x) ; (A.8)
where A
TM
 (x) is the 1-point split TM axial current
A
TM
 (x) =
1
2

 (x)5
+U(x)E(x) (x+ a^)
  ir (x)+3U(x)E(x) (x+ a^) + h:c:

; (A.9)
which is conserved in the chiral limit and therefore it does not require any renormalization
constant.
As is well known, the local current
ATM (x)   (x)5+ (x) (A.10)
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requires a multiplicative renormalization, given by the RC ZV [38], in order to match the
1-point split TM axial current (A.9) in the continuum limit. Thus, provided the quark
charges are the same, the local version of the TM axial Ward-Takahashi identity holds as
well also in the presence of electromagnetism, viz.
ZV @A
TM
 (x) = 2m P
TM
5 (x) +O(a2) ; (A.11)
where PTM5 (x) is the bare pseudoscalar density operator P
TM
5 (x)   (x)5+ (x).
A.2 Determination of the RC ZV
Let's consider a pseudoscalar (PS) meson composed by the two mass- and charge-degenerate
TM quarks ( 1;  2). Introducing the 2-point correlators
CPTM5 PTM5
(t) =
X
~x
D
PTM5 (~x; t)P
TMy
5 (0)
E
; (A.12)
CATM0 PTM5
(t) =
X
~x
D
ATM0 (~x; t)P
TMy
5 (0)
E
; (A.13)
eq. (A.11) implies
ZV @tCATM0 PTM5
(t) = 2m CATM0 PTM5
(t) +O(a2) : (A.14)
At large Euclidean time distances t a one has
CPTM5 PTM5
(t)   !
ta
jh0jPTM5 jPSij2
2MTMPS
h
e M
TM
PS t + e M
TM
PS (T t)
i
; (A.15)
CATM0 PTM5
(t)   !
ta
h0jATM0 jPSih0jPTM5 jPSi
2MTMPS
h
e M
TM
PS t   e MTMPS (T t)
i
; (A.16)
and therefore the renormalization constant ZV can be determined in terms of the matrix
elements h0jPTM5 jPSi and h0jATM0 jPSi as
ZV =
2m
MTMPS
h0jPTM5 jPSi
h0jATM0 jPSi
: (A.17)
For a generic quantity O we consider the following expansion in em
O = O(0) + O +O(2em) ; (A.18)
where O(0) and O indicates the quantity in absence of QED and at O(em), respectively.
Thus, from eq. (A.17) one gets
ZV
Z
(0)
V
=
m
m(0)
+
h0jPTM5 jPSi
h0jPTM5 jPS(0)i
  M
TM
PS
MTM
PS(0)
  h0jA
TM
0 jPSi
h0jATM0 jPS(0)i
; (A.19)
where m arises from theO(em) contribution to the bare quark mass given by eq. (5.6), viz.
m = m(0)
emq
2
4
[6log(a)  22:5954] : (A.20)
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The quantities h0jPTM5 jPSi, MTMPS and h0jATM0 jPSi can be extracted from the con-
tributions at O(em) to the 2-point correlators (A.12){(A.13). Putting X = fPTM5 ; ATM0 g
one has
CXPTM5
(t) = Cexch
XPTM5
(t) + Cself
XPTM5
(t) + Ctad
XPTM5
(t) + CPS
XPTM5
(t) + CSXP5(t) ; (A.21)
where the superscripts refer to the exchange, self-energy, tadpole, PS and scalar insertions,
introduced already in eqs. (5.1){(5.5) and depicted in gure 8.
The ratio of eq. (A.21) with the lowest-order correlator C
(0)
XPTM5
(t) behaves at large
Euclidean time distances (up to around-the-world eect) as
CXPTM5
(t)
C
(0)
XPTM5
(t)
  !
ta

h0jPTM5 jPSih0jXjPSi
h0jPTM5 jPS(0)ih0jXjPS(0)i
  MTMPS  t (A.22)
from which all the ingredients entering eq. (A.19) can be calculated.
A.3 Determination of the RCs ZA and ZP=ZS
We now consider an isospin doublet  OS =
 
 OS1 ;  
OS
2

of mass- and charge-degenerate
quark elds regularized using the Osterwalder-Seiler (OS) prescription [40], i.e. the same
value of the Wilson r-parameter is assumed for the two quarks. At maximal twist the local
axial current
AOS (x)   OS(x)5+ OS(x) (A.23)
requires a multiplicative RC given by ZA [38]. Once renormalized the matrix elements of
the TM (A.10) and OS (A.23) axial currents can dier only by discretization eects and
therefore one has
ZAh0jAOS0 jPSi = ZV h0jATM0 jPSi+O(a2) : (A.24)
This implies
ZA
Z
(0)
A
=
ZV
Z
(0)
V
+
h0jATM0 jPSi
h0jATM0 jPS(0)i
  h0jA
OS
0 jPSi
h0jAOS0 jPS(0)i
=
m
m(0)
+
h0jPTM5 jPSi
h0jPTM5 jPS(0)i
  M
TM
PS
MTM
PS(0)
  h0jA
OS
0 jPSi
h0jAOS0 jPS(0)i
; (A.25)
where h0jAOS0 jPSi=h0jAOS0 jPS(0)i can be determined from the relevant axial correlators
computed in the OS regularization.
Similarly, the ratio ZP =ZS of the RCs of the pseudoscalar and scalar densities can be
determined by using the relation
ZSh0jPOS5 jPSi = ZP h0jPTM5 jPSi+O(a2) : (A.26)
As for the e.m. corrections ZP and ZS one has
ZP
Z
(0)
P
  ZS
Z
(0)
S
=
h0jPOS5 jPSi
h0jPOS5 jPS(0)i
  h0jP
TM
5 jPSi
h0jPTM5 jPS(0)i
; (A.27)
which, however, does not allow to determine separately the two corrections ZP and ZS .
For this reason we will not investigate eq. (A.27) numerically.
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 Z
(fact)
V Z
(fact)
A
1.90 1.027 (5) 0.85 (5)
1.95 1.033 (4) 0.93 (5)
2.10 1.034 (3) 0.87 (6)
Table 5. Results for Z
(fact)
V and Z
(fact)
A (see eq. (A.28)) obtained at the three values of the inverse
bare lattice coupling  corresponding to the gauge ensembles of table 1.
A.4 Numerical results
In order to get a rst non-perturbative estimate of the RCS ZV and ZA in QCD+QED we
have calculated the r.h.s. of eqs. (A.19) and (A.25) using for the (bare) quark mass m the
values of the strange quark masses reported in table 1 for the three values of the inverse
lattice coupling  of the ETMC ensembles. As in section 5, we introduce the correction
factors Z
(fact)
V and Z
(fact)
A to the \naive factorization" approximation by dening
ZV = Z
(0)
V  Z(em)V  Z(fact)V ; ZA = Z(0)A  Z(em)A  Z(fact)A ; (A.28)
where Z
(em)
V (A) is the one-loop perturbative estimate of the QED eect at order
O(0s) in the strong coupling. Using for the latter ones the perturbative ndings
Z
(em)
V =  20:6178 emq2=(4) and Z(em)A =  15:7963 emq2=(4) from refs. [46, 47], our re-
sults for Z
(fact)
V and Z
(fact)
A are collected in table 5. It can be seen that the dependence on the
lattice spacing is quite mild within the uncertainties. The averages of the results of table 5
(according to eq. (28) of ref. [34]) are: Z
(fact)
V = 1:031  0:005 and Z(fact)A = 0:88  0:06.
Given the exploratory nature of the present non-perturbative determination of QCD+QED
renormalization constants, we prefer to quote as our estimates for Z
(fact)
V and Z
(fact)
A the
values
Z
(fact)
V = 1:03 0:01 ; Z(fact)A = 0:9 0:1 ; (A.29)
which cover the spread of the results given in table 5.
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